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ABSTRACT
Given a homeomorphism f of the circle with irrational rotation number
and a descending chain of renormalization intervals J,, of f, we consider for
each interval the point process obtained by marking the times for the orbit
of a point in the circle to enter J,. Assuming the point is randomly cho-
sen by the unique invariant probability measure of f, we obtain necessary
and sufficient conditions which guarantee convergence in law of the corre-
sponding point process and we describe all the limiting processes. These
conditions are given in terms of the convergent subsequences of the orbit
of the rotation number of f under the Gauss transformation and under
a certain realization of its natural extension. We also consider the case
when the point is randomly chosen according to Lebesgue measure, f be-
ing a diffeomorphism which is Cl-conjugate to a rotation, and we show
that the same necessary and sufficient conditions guarantee convergence in

this case.

Introduction

Limit laws of entrance times have been obtained in various contexts such as:
hyperbolic automorphisms of the torus and Markov chains [Pi}, Axiom A diffeo-
morphisms and shifts of finite type with a Holder potential {Hi], and piecewise
expanding maps of the circle [CG] (see also [CC]). The general setting for the
problem is as follows. Given an ergodic dynamical system (X, B, i, f) and a set
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A € B of positive measure, we consider the times k > 0 such that f¥(z) € 4, for
each x € X. These are called the entrance times* of the orbit of x to the set A.
We define a point process 74 on (0, 00) by assigning to each z the sum of point
masses at these entrance times. The problem consists of finding conditions under
which this process, after rescaling by some constant depending on A, converges
in law, when p(A) tends to zero. Since the expectation of the first entrance time
is of the order 1/u(A), it is natural to rescale the process by this factor.

In the case of hyperbolic automorphisms of the torus with Haar measure
and Axiom A diffeomorphisms with the Bowen—Ruelle measure, the limit of the
rescaled entrance time process is proven to be a Poisson point process of constant
rate 1, where A is taken in the neighbourhood basis of a point in the manifold,
for almost every base point (cf. [Pi] for a preliminary result in this direction, and
[Hi] for the general case). In the case of piecewise expanding maps of the circle
with an absolutely continuous invariant measure, a Poisson limit law (with rate
1) is also obtained when A is taken in a sequence of intervals with diverging time
of self-intersection (cf. [CG]). In all of these cases the property of exponential
decay of correlations, which is an exponential mixing property, is crucial in order
to prove this universal behaviour.

The purpose of this paper is to show that there is no universal limit law in
the case of a homeomorphism of the circle with irrational rotation number « and
with its unique invariant probability measure. Taking the set A in the sequence
of renormalization intervals J,, of the homeomorphism, we obtain a necessary and
sufficient condition on a subsequence of the J,,’s which guarantees convergence of
the corresponding rescaled entrance time point process. These subsequences are
shown to be directly related to the convergent subsequences of the orbit of a un-
der the Gauss transformation G and also under a certain realization of the natural
extension of G. Using this correspondence we deduce that, for Lebesgue almost
every rotation number ¢, there are an uncountable number of subsequences of
the renormalization intervals of the homeomorphism which give pairwise differ-
ent limit laws. The possible limits are either the stationary modified renewal
process with first renewal distribution given by the uniform distribution on the
unit interval (known as the lattice process); or a non-stationary process with dis-

* Entrance times are commonly used to denote the times k > 0 for which f*(z) € A
and f k‘l(z) ¢ A. However, in our case these times will coincide with the present
definition, when p(A) is sufficiently small.
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tribution of intermediate renewal times given in Figures 1 and 2, for some value
of the parameters 6 € (0,1] and w € [0, 1).

We also consider the case of a diffeomorphism which is C!-conjugate to an
irrational rotation but with Lebesgue measure, and we show that the same results
hold (up to scale change) for the convergence of the corresponding entrance time
point process, the latter being rescaled by the inverse of the length of J,,.

1. Preliminaries and statements of results

Let G: [0,1] — [0, 1] be the Gauss transformation given by G(a) = 1/a — ag(a)
for & > 0, and G(0) = 0, where ag(a) = [1/a] is the greatest integer < 1/a.
We also set ag(0) = co and make the conventions that 1/0 = co and 1/00 = 0.
Defining a, = an(a) = ap(G™(a)) for all n > 0, we obtain the continued fraction
expansion of «,
a =[ag,ay,...] = 1
ap + ———
a; + —1_

We write pp = po(a) = 0, g0 = go(@) = 1 and for n > 1 we let p,/q, =
o) /gn(@) = [ag, @1, . . ., an—1] denote the truncated expansion of « of order n
in its irreducible form. It is well-known that

n+1 = Angn +Qn—1 )
Pntl = GpnPn+ Pn-1,

for n > 1. The distance of a real number z to the nearest integer will be denoted
by ||z||. We shall also use the so-called double Gauss transformation I': [0,1) —
[0,1]%, which is a realization of the natural extension of G (cf. [IN]), defined by

(e, ) = (G(a),m) .

Note that for n > 1,

Fn(a’ﬂ) = (Gn(a)7 [an—lyan—% .o 'aa07b0’b17' . ]) )

where b; = ao(G?(B)) for j > 0, and hence the convergent subsequences of
I'(a, ) for n > 0 do not depend on 3.

Now let f: S' — S be an orientation preserving homeomorphism of the
circle without periodic points and let o = a(f) € [0,1) be its irrational rotation
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number. In what follows we shall omit the dependence on a and write simply
an (@) = g, pr(a) = p, and ¢, (a) = ¢n.

We fix z € S! and define J, C S? as the closed interval of endpoints f9(z)
and f9"-1(z) containing z in its interior. We also define 7, C J, to be the
closed subinterval of endpoints z and f9(z). Recall, from the basic properties of
homeomorphisms of the circle, that J,41 C J,, and inside Jy the points f9=(2)
and f9-1(z) lie on opposite sides of z for all n > 1.

For any subset A C S, we consider a sequence of maps N,Sk): St — N,
k=0,1,..., given inductively by NISO) =0 and

N®)(z) = min {j > N V(@) fim) e A} ,

for all z € S and all k > 1. We call N{(z) the k** entrance time of z in A.
Let u be the unique ergodic invariant probability measure for f. For A = J, the
entrance times N = Nﬁﬁ) define the distribution functions

FO(t) = p{o e % u(dn) (NW (@) - NFD(@)) <t}
We now state our results concerning the limiting behaviour of these distribu-

tions.

THEOREM I: For each subsequence o = {n;} of N, the corresponding distribu-
tion functions F,(L}) converge (pointwise or uniformly) if and only if either
(a) G™(a) — 0, in which case the limit distribution is the uniform distribution
on the unit interval; or
(b) I'"(a,-) — (8,w) for some § > 0 and w < 1, in which case the limit
distribution is the continuous piecewise linear function Fél) given by Figure

1.
FV(t) k=1 FP@) k>1
1 ......................... : 1 ..........................
arow | 2 -
$ow : P Ch froveeeees —
0 (14w 1 140 ; 0 (1+.0)w 1 148 ;
140w 140w 140w 140w

Figure 1 Figure 2



Vol. 93, 1996 LIMIT LAWS 97

THEOREM II: Let 0 = {n;} be a subsequence of N such that F{Y converges
(pointwise or uniformly). Then for each k > 1 the corresponding sequence of
distribution functions F,(f) converges uniformly. Furthermore
(a) If G™(a) — O then the limit distribution is the distribution of the constant
random variable X =1 for all k > 1;
(b) If T™(a,-) — (#,w) for some 6 > 0 and w < 1, then the limit distribution
is the step function F(Sk) given by Figure 2, where

0w l—-w . ko
1+60w + 1+ 6w m1n{9,(1+0)||1+en}.

Remark A: Recall that G preserves an ergodic absolutely continuous invariant

Cp =

measure on the unit interval. Therefore, for Lebesgue almost every «, condition
(a) holds in both Theorems for some subsequence o. In other words, the uniform
distribution occurs as a limit distribution along a subsequence for almost every a.

Remark B: Less well-known is the fact that I' preserves an ergodic absolutely
continuous invariant measure with respect to Lebesgue measure on the unit
square, whose density is given by 1/((1 + a 8)? log2) (cf. [IN, MP]). Thus, for
Lebesgue almost every (a, 3) and every fixed (6,w), there exists a subsequence
o = {n;} such that limI" (e, §) = (8,w). However, from the properties of I’
stated at the beginning, we know that limI'™ (@, 8) = limI'(«, a). This shows
that for Lebesgue almost every «, condition (b) holds in both Theorems for some
subsequence . In other words, unusual distributions such as the ones in Figures

1 and 2 occur as limit distributions along a subsequence for almost every a.

Now we interpret our results in terms of point processes. Let M[0, c0) denote
the o-finite measures on [0, 00) and denote by §; the Dirac measure at the point

t. For each n > 1, we define the point process 7,: ' — M][0, 00) by

GO DENTRIVCINR
k>1
where z is assumed to be randomly chosen by u. This is the point process of
successive entrances to J,, (rescaled by p(J,)).

THEOREM III: For each subsequence o = {n;} of N, the point process of suc-
cessive entrances to J,, converges if and only if either
(a) G™(a) — 0, in which case the limit is the stationary modified renewal
process known as the lattice process; or
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(b) I'™i(a,) — (0,w) for some 8 > 0 and w < 1, in which case the limit is a
non-stationary point process injectively parametrised by 0 and w.

Next we let f be a diffeomorphism of the circle which is C!-conjugate to a
rotation with irrational rotation number a. In this case the unique invariant
probability measure y for f is absolutely continuous and has a continuous density
g(z). We also recall that g(x) > 0 for all z € S1. Consider the intervals J, and
the entrance time functions N,(Lk) as before, and define the distributions with

respect to Lebesgue measure by
2P (t) = A {w e S 14| (NPF(2) - NFD(z)) < ¢}

for each k > 0, where ) denotes Lebesgue measure on S! and |J,,| means the
length of J,,. In this context we have the following results.

THEOREM IV: Let f be Cl-conjugate to the rotation by a and let ¢ = {n;} be
a subsequence of N. The distribution <I>§Lli) converges (pointwise or uniformly) if
and only if either
(a) G™(a) — 0, in which case the limit distribution is the uniform distribution
on the interval [0,1/g(z)]; or
(b) I'"(a,:) — (0,w) for some § > 0 and w < 1, in which case the limit
distribution is ®$V(t) = F§1)(g(z) t) where FV is given by Figure 1.

THEOREM V: Let 0 = {n;} be a subsequence of N such that <I>$lli) converges
(pointwise or uniformly). Then for each k > 1 the corresponding sequence of
distribution functions <I>$ﬁ) converges uniformly. Moreover
(a) If G™(a) — O then the limit distribution is the distribution of the constant
random variable X = 1/g(z) for all k > 1;
(b) If T™(e,-) — (8,w) for some § > 0 and w < 1, then the limit distribution
is the step function &%) (t) = F{) (9(z)t) where ®) is given by Figure 2.

Remark C: In terms of point processes, we can define the point process 7, of
successive entrances to J,, (rescaled by |J,|), where the randomness is given by
a point in the circle chosen according to Lebesgue measure. A similar statement
to Theorem III can be made for the convergence of 7;), where the conditions
for convergence along a subsequence are the same in this case, and the point
processes which appear as limits are rescaled by 1/g(z).
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2. The entrance time functions

Let n > 1 be fixed. Consider the first return map 7 J, — J, given by

T(z) = [N @) (z) .

One can show that T'(z) = f9»-1(z)ifz € [, and T(z) = fi(z) ifx € I,_1 {2}
(cf. [La)). Now we define the itinerary of a point x € J, to be the sequence

{e1(z),e2(x), ...} where

e:(z) = 0 ifTi(z)e€l,;
J 11 iij(.’L‘)EIn_l.

It follows that for all £ > 1 and = € J,, we have

k
(1) N @) = (1 - &j(2))gn-1 +&;(2)gn) -
j=1

LEMMA 1: The intervals {f*(I,)} fori =0,...,gn_1 — 1 together with the inter-
vals {fI(In-1)} for j = 0,..., ¢, —1 cover the circle. If I # J are any two of these
intervals then either I N J is empty or consists of a single point. In particular,
p(INJ)y=0.

Proof: First suppose f is the rotation by a. Let 0 < i< g, and 0 < j < qp—1
satisfy fi(In_1) N f7(I,) # @. If i < j then j — i < g,_, and there exists x € I,,
such that f/—*(x) € I,_1, which contradicts the expression of T. If j < i then
i —j < qn and so the intersection f*~7(I,_1) N I, is necessarily z. This shows
that the intervals of the first collection have disjoint interiors from the ones in
the second collection. A similar argument proves that any two intervals from the
same collection also have this property.

Since in this case u is Lebesgue measure, these intervals cover the circle because
their total measure is

qn IIn—ll + @n-1 |In| ={qn IQn—la - pn—ll + gn—1 IQna - pn| )

which is equal to one due to a simple computation using the Lagrange equality
InPn—1 — @n-1Pn = (_1)11.

In the general case, let R, denote the rotation by a and let h be the semi-
conjugacy between f and R,. Then the first assertion of the Lemma is true, since
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h is onto. On the other hand, the pre-image of a point under A is either a point
or a closed interval whose interior is a wandering component of f. In both cases,
the p-measure of this pre-image is zero because u is non-atomic and its support is
the minimal set of f. Now since the endpoints of the intervals in both collections
belong to the set {z, f(2),..., f*9"-171(z)} and this set is mapped bijectively
by h onto the set {A(z), Ra(h(2)), ..., R 19"1"1(h(2))}, we conclude that if I
and J are as stated then I N J must have empty interior. |

As a direct consequence of Lemma 1 we have the following.

PROPOSITION 2: The first entrance time function is given by

NO(z) = { Gt =i W2 € fi(1). 00 < gy
gn—J fr€ fL-) M (D0 <gn-

PROPOSITION 3: The distribution function of the first entrance time is given by
ku(Jy) i kp(Ja) <t < (k+ Da(d),

0<k<gn;

FD(t) =

(k - Qn—l),uf(In—l) + gn-1 »U'(Jn) if k/-l'(']n) S t< (k + I)N(Jn)y

dn-1 < k< qn;

and FV(t) = 0 ift < 0 and FV(t) = 1 if t > gn u(Jn).

However, describing the distribution functions of the subsequent entrance times
requires a different argument.

PROPOSITION 4: For k > 1 the distribution function of the k-th entrance time
is given by

(2) F®O@) = gy, NT L) + g u(JooyNT7FL,)

if gt (Jn) <t < gnp(Jn); FE(E) = 0 if t < gu_y u(Jn); and FP(2) = 1 if
t2>gn H(Jn)‘

Proof: We note that the difference
D¥)(z) = NF(z) — N1 (z)

is either ¢,_; or g, for k > 1, since these are the return times on J,,. Therefore
F,gk)(t) is a step function and it is clear that F,Ek)(t) =0ift < gn—1 p(Jn) and
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F,(lk)(t) =1ift > ¢, p(J,). Hence it remains to compute the measure of the set
E of points x € S where D,(lk)(:z:) = gp—1. By (1) the latter equality holds for
z € Jy, if and only if T*(x) € I,,. Thus EN J, = T~*1,.

Now let z be a point outside J,,. Then from Lemma 1 we know that either
z € f{(I,) forsomei=1,...,q,-y—1orz € fi(I,_,) forsomej =1,...,¢,—1,
except for a set of measure zero. If x € f¢(I,) then by Proposition 2 we have

D¥)(x) = DD (f(z)).

Therefore in this case, using (1) we conclude that D%k)(x) = ¢n_1 if and only if
f-17z) € TG~V Since f4-217(fi(I,)) = T(I,) we obtain

p(EN fi(In)) = :u(TM(k_l)In NT(I,)) = N(T_kln Nl),

where we have used the fact that both T and f preserve p.

In the case x € f7(I,.;) a similar argument shows that
WEN fi(Ioy)) = w(T=* VL NTI,_)) = p(T %L, N 1_y).

Putting these facts together we finally obtain

gn-1—1 gn—1

WE) = pENL)+ 3 wENFI) + 3 w(EN f(Inr))

i=1 j=1
T ) + (o1 = ) p(In VT L) + (o — 1) p(Lams NTFL)

Il

= g I NT L) + (L NT %) .

Similarly to Proposition 3, the first result below is a direct consequence of

Lemma 1, whereas the second is a consequence of the proof of Proposition 4.

PROPOSITION 5: The distribution function with respect to Lebesgue measure of
the first entrance time is given by

k
PIHEA] if k[T <t < (k+1)|Jn],
=0 < .
oW () = . . 0<k<gn_s;
Yo Pl + ST I R <t < (k4 1)),
i=in =0 -1 Sk < gn;

and ®(t) = 0 if t < 0 and ®)(t) = 1 if t > q, |Jn].
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PROPOSITION 6: For k > 1 the distribution function with respect to Lebesgue
measure of the k-th entrance time is given by

n—-1—1 gn—1
3) oW1 = qz MAULOT™ L) + Y A Toa NT7FL))
=0 7=0

i gno1 | Jn] St < gnl|dnl; @) = 0 if t < gy |Jn|; and ®P(t) = 1 if
t> gn|Jnl-

Proof: We use the same notation introduced in the proof of Proposition 4. Here
we also need to compute the Lebesgue measure of the set E of the points x € S*
such that D,(lk)(x) = gn—1. From the arguments used in the proof of Proposition
4 and the fact that T = f%-1 on I,,, and T = f9% on I,_1, we conclude that

Enfil,) = f~@=0(r-¢-D[ nT(L,)) = f(T*I,nI,)
for 0 < i< gn_1, and
EN fj(In—l) - f_(q"_j)(T"(k_l)In N T(In-l)) = fj(T_kIn NI,_1)

for 0 < j < ¢,,. Now the proof of this Proposition follows by noting that, except
for a finite number of points, every point in S! belongs to exactly one of the
intervals of the collection {f*(I,,), f*(In_1)} for 0 < i < go_; and 0 < j < ¢n.
|

3. Proofs of Theorems I and 11

Let L,(t) be the continuous piecewise linear approximation of F,(ll)(t) defined by
L,(t)=0ift <0; Lo(t) =t if 0 < ¢t < gn1 p(Jn);
:u'(In—l)
L.(t) = t— gn- n n— n
(t) () (t = gn—1 4(Jn)) + gn-1 4(Jn)
N(In—l)

= M(Jn) t4 dn—1 M(In)

if gro1 1(Jn) <t < gn p(Jn); and Ln(t) = 1if t > g pu(Jn).

(4)

LEMMA 7: The sequence F,(,l)(t) converges pointwise (uniformly) if and only if
L, (t) converges pointwise (uniformly).

Proof: This is clear from the fact that 0 < L,(t) — FiV(t) < p(J,) for all ¢.
"
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LeEMMa 8: Let {n;} be a subsequence of N. Then g, u(J,,,) converges to 1 if
and only if lima,, = co.

Proof: Let 8, denote |g, & — p,.]. A basic result of continued fraction theory
asserts that

1 1
(5) << ——.
qn + Qn+1 Gn+1

Since the semi-conjugacy between f and the rotation by o carries g to the
Lebesgue measure, we know that

N(Jn) = :u(-ln) +ﬂ(In—1) = én +6n—1 y

which combined with Lemma 1 yields

(6) gn i(Jn) = 1+ (g — gn-1) bn
Now from (5) we note that

w1
Jn+1 Qn

(7) 0 < (gn = gn-1)bn <

In particular, if lima,, = co then g, u(Jp,) converges to 1.
In order to prove the converse we argue by contradiction. Let my be a subse-
quence of n; such that lima,,, = a < co. By (5) we always have

_Gn—1 _ 1
1 Gn 1 Qn—1

>
1+g."q£ti 2+a,

(8) (@n ~ qn-1)0n >

Therefore along the sequence m; the first member of (8) cannot go to zero unless
@m,—1 = 1 for all sufficiently large k. The same argument repeated inductively
shows that am,,—¢ = 1 for all sufficiently large k (depending on ¢). In particular

Omp—1 = Omu—2 = Q@m,-3 = 1 for all sufficiently large k. Since gn/gny1 =

[@n,@n_1,...,a0] we have
Egm; =1+ _.~_11_ ,
my—1 1+
1+ Bk
where 0 < B, < 1, and also
qu—l — 1+ 1

Imy -2 1 +ﬁk '
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These two ratios lie between % and 2. Therefore we obtain

m— 1 m
1 - st §<1+———q "“),

Qm,;, Im,

which is incompatible with (8). |

Proof of Theorem I: By Lemma 7, pointwise convergence of F\1(t) is equivalent
to pointwise convergence of L, (t). If L,,(t) converges pointwise then in partic-
ular lim L, (1) = b < 1. For each n > 0 the interval A, = [gn-1 p#(Jn), gn 1(Jn)]
contains 1 and L, (t) is affine on A, with slope given by the ratio

p(In-1) _ On—1
/-‘L(Jn) O + -1 ’

(9)

which lies between 2 and 1. Therefore if b = 1 then ¢, u(Jn,;) converges to 1,
and by Lemma 8 we have lima,, = oo, i.e. G*(a) — 0. However, if 6 < 1 then
A, D[L,1+ Q;—bl] for all sufficiently large <. This shows that the ratio

6n 1
10 = = G o),
(10) - n (a)
4+ ————
1

An41 + —

converges along the subsequence o to some # > 0, and it also shows that the
intervals A,,, converge to an interval containing [1,1+ Q;—bl] Therefore the ratio
Gn,—1/qn; = [@n;=1,an;—2,...,a0] of their endpoints converges to some w < 1,
and this happens if and only if the second coordinate of I' (e, -) converges to w.

In order to prove the converse, we let us first deal with the case G™(a) — 0.
Let U(¢) denote the uniform distribution on [0, 1]. Then we see that

(1) 0 < U(t)— La(t) < 1-La(1),

for all t and n > 0. From Lemma 8 we know that g, 1t(J,,) converges to 1, and
so from the expression of L, (1) in (4) together with (9) and (10) we deduce that
lim L, (1) = 1. Therefore by (11), L, (t) converges uniformly to U(t), which sets
the converse in this case and also proves (a).

We now deal with the case I'i(a, ) — (0,w) for some # > 0 and w < 1, or
equivalently

. qn-_l . 6nv
12 lim~™—= = w, lim-—— = 0.
( ) qﬂi 6115—1
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It is clear from (9) that the slope of Ly, (t) on A, converges to (14 6)™'. There-
fore in order to show that the sequence L, (t) converges uniformly it suffices to
prove that the right hand endpoint of A,, has a limit. By (6) this is equivalent
to showing that s,,, has a limit, where s, = (¢, — gn—1) 6. However, by (7) s,, is
a bounded sequence, and from the first inequality in (8) it is also bounded away

from zero for sufficiently large ¢. Therefore s,, converges if and only if the ratio

1+ Sn;  _ dn; . (6ﬂi + 6";—1)
Sn

i (Qni - qm—l) 6".‘

converges, and this is clear from (12). Now a simple computation shows that

. _ (1-w)8
lim s, = 146w ’
which implies
. (140w
(13) lim n;—1 ﬂ'(']ni) - 1+ 0w
and
146
14 lim g, u(Jn,) = .
(14) m g, w(Jn) = T g0
This completes the proof of the converse and also proves (b). 1

Proof of Theorem II: Let ¢,_1 p{J,) <t < ¢, p{J). Then by Proposition 4 we
have

o1 I NT*L)  p(IaiNTFI,
(15)  F) = gour) |2t Ml te) ot PTD)]

In the case G™(a) — 0 we know from the proof of Theorem I that
limg,, #(Jn;) = 1. Since the expression between brackets in (15) is always
bounded by u(I,)/u(J,) and this ratio converges to zero along the subsequence
o in this case, we have proved (a).

Now we deal with the case I'™(a,-) — (0, w) for some § > 0 and w < 1. Let h
be the semi-conjugacy between f and the corresponding rotation R,. Since h is
an isomorphism between the ergodic systems (f, 1) and (Rq, A), where A denotes
Lebesgue measure, we have

p(I.NT~*L)  AhI,NRI*hI,))

uw(Jn) h Ah J,) ’
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and a similar equality holds for the other ratio in (15) involving I,,_;. Therefore,
in order to prove (b), we may assume that f is the rotation by & and p is Lebesgue
measure.

Let I be the unit interval and let A: J, — I be the unique affine orientation
preserving map carrying J,, onto I. Consider the conjugate map A TA™! defined
on I. Through the identification of the points 0 and 1 via the canonical projection
exp: R — S! = R/Z, this conjugate map becomes a new rotation 7, on the circle
(the nth renormalization of R,). It can be shown that the rotation number of T,
is p = [an+1,an41,Ant2, - -] (cf. [La, dF]). Writing A = exp 0A(l,,) we see that
MA) = p and

p(I, N T=*1,)

(16) H(Jn) e

= MANT kA).

Let w denote an endpoint of A and let d denote the intrinsic distance on the

circle. Then

d(w, T7*(w)) = ll=kpll = [koll.

If k£ > 1 is such that ||k p|| > p then A and T *(A) are disjoint. Alternatively, if
|k pll < p then A(ANT *A) is equal to

MA) = d(w, T (w)) = p— kol .
In both cases, we obtain
(17) MANTT*A) = p—min{p,||kp|} -
We now note that along the subsequence o the corresponding rotation numbers

p converge to v = 6/(1+6). Therefore, letting n — oo along o in (15) and taking
into account the expressions (13), (14), (16) and (17) we deduce that

. 1490 . .
lim Fé’:)(t) = 1790 [w (v — min {, levll}) +7 - (v - min {7, ||k 'y||})] ,
for all i iezf <t< '11_4?_@% This completes the proof of (b). |
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4. Proof of Theorem III

In the proof of Theorem III, we will consider the random variables

DF(@) = u(Ja) (NO(2) = NIV (@)

and their joint distributions

(18) F{Rvekd(ty b)) = p{ze St DE(z) <t;, i=1,...,s},

where 1 < k; < -+ < k;. We will also need the following Lemma, which can be
proved by a renormalization argument similar to the one used to obtain equality
(16).

LEMMA 9: Let 0 = {n;} be a subsequence of N such that G™(a) — 0 with
0 > 0. Then for every 1 < ky < --- < ks we have

. wI,nT ML NN T7k L)
lim
g3n—co #(Jn)

= AApNTy ™ Ag N NTp™ " Ay),

where Ag ={0,6/(1+ 8)] C R/Z and Ty is the rotation by 8/(1 + ).

Proof of Theorem III: We note that convergence in law of the point process 7,
is equivalent to convergence in law of the joint distributions given by (18), for
every choice of indices 1 < k; < --- < k, (cf. [Ne], page 284). Since in our case
the corresponding probability measures in IR*® defined by these joint distributions
are supported in the cube [0, ¢, u(J,)]* C [0,2]° for all n, convergence in law of
these distributions is equivalent to their pointwise convergence. In particular, if
T, converges in law along the subsequence o then the individual distributions of
D{¥) converge pointwise. Therefore, by Theorems I and II, either G™ (a) = 0 or
I (a,-) — (8,w) for some § > 0 and w < 1.

Now we prove the converse. Recall that ﬁ,(f) for k > 2 assumes only the values
gn-1 4(Jn) and g, u(J,). Therefore in order to prove convergence of the joint

distributions in (18) along o, it suffices to determine whether the limit of

(19) F{frbe) (4 gy p(Jn)y - oy Gnet ()

exists along o, for every ¢t > 0. In fact, if k3 > 1 it suffices to prove the existence
of the limit of (19) along o for ¢ = ¢,,—1 p(Jn).

Let us first deal with the case k; = 1. Consider the following conditions

(20) DM(x) < t, DE (@) = quor u(n), ..y DE(@) = guoy p(Jn),
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for a fixed t > 0 and let r u(J,) <t < (r+1) u(J,) for some integer r > 0. There
are three cases to consider: 0 < 7 < gy—1, gn—1 <7 < ¢ and r > g,,. Using
Lemma 1 and Proposition 2 we deduce the following. In the first case, a point z
satisfies conditions (20) if and only if it belongs to

U fe @ 00T 0, .
=0

In the second case, z satisfies (20) if and only if it belongs to

qn—l—l P
U @ nnnT*n)ul ) o (LoanT R L0075 1) .
1=0 j=Qn—1

Finally, in the third case, every x satisfies the first inequality in (20) and we are
reduced to the case k3 > 1, which will be dealt with below.
Therefore, in the case 0 < r < ¢,..; we obtain

Fél'kz’m'k’) (t7 Gn-18(Jn); - - - sGn-1 U(Jn)) =

Tk n...AT k],
(r 4+ 1) () & )

lf‘(Jn)

If we let n — oo along a subsequence o satisfying either (a) or (b) in the statement

of Theorem III, we deduce from Lemma 9 that the last expression converges to
t ATy~ 2000 NTy~* Ay) .
In the case ¢,—1 < r < ¢, we have

Frsl’kzyll.’k') (tv qn-1 /J'(Jn)a crosqn-1 :U'(Jn))

Gnor (TN -NT7FT,)
+ (=g + D) pIao NT L0 NT5 L)

wT kL, n.-.-NT*I,)
1(Jn)

= (r=gn-1+1) p(Jn)

(r+1) u(Jn)
wI,NnT L, Nn-..NT7kI,)
p#(Jn) '

Again by Lemma 9, as n — 00 along o, the above expression converges to

1+0)w
1+0w

t /\(Ta_szon' . 'ﬂTo_k’Ao) - (t— ) /\(AgnTg_kZAgﬂ~ . ~ﬂT9_k‘Ag) .
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Now suppose k; > 1. Here we need to determine whether the limit of (19)
exists along o for t = ¢,—1 u(J,,). Applying Lemma 1 and Proposition 2 once
more, we deduce that a point z satisfies

D(x) = guoap(Jn), -y DENE) = goorp(Jn)

if and only if it belongs to

gn-1—1 Gn—1
U o=@ L nT™L)ul) (L0 T8 L0 0T 1) .
=0 J=qn-1

Therefore we obtain

Fik ) gy p(Jn)s -, gnot ()
= g (T ML N..nT %)
+ (gn ~ Gn-1) p(Inoy NTMLN-.OT5 ).

As before, using Lemma 9 we conclude that the limit of the above expression as
n — oo along o equals

1+0
1+6w
Therefore, we have proved that all joint distributions converge along a subse-
quence o, which satisfies either (a) or (b) in the statement of Theorem III. In
fact, with the given expressions, it is possible to write explicit formulae for all
limit joint distributions. We note that when = 0 the limit joint distributions

are a product of the individual limit distributions. Therefore the limiting process
is independent in this case. |

[/\(Tg_kl AgN-- 'nTg_k’Ag) — (l—w) /\(AgnTo_kl AgN.- - -ﬂTg_k’ Ae)] .

5. Proofs of Theorems IV and V

Throughout this section, let f be a diffeomorphism which is C!-conjugate to a
rotation with irrational rotation number a. Let A,(t) be the continuous piecewise
linear function defined by A,(t) = 0if t < 0; A, (t) = (u(Jn)/|Ju])tif 0 < t <
In—1 lJnl;

Antt) = H5 0 s )+ g )
(1) "
= M('IJ"n"l) t+ gn-1 (1)

if gy |Jn] St < gn|Jnl; and A (t) = 1if £ > g, |-
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LEMMA 10: The sequence @53’(5) converges pointwise (uniformly) if and only if
A, (t) converges pointwise (uniformly).

Proof: Let ©,,(t) denote the difference |<I>5,1)(t) —An(t)|. If ¢ is such that k | J,| <
t < (k + 1)|J,] for some 0 < k < ¢n—1, then

Onlt) = Z IES R

1 1 . t
e /J CESY ; A TSV A

= N /Jn (g(x) + &,(t, :1:)) dz

IA

N(Jn)
16t oo + \ 1

C (k+ )|y

¢
~ (k+ )|,

IA

where &,(t,2) = (1/(k + 1)) b Dfi(z) — g(z). Since (1/n) Y57y Dfi(z)
converges uniformly to g(z) (cf. [He], Proposition 1V.5.1.2) we conclude that
||€,.(¢, )| converges uniformly to zero for 0 < ¢ < gn—1 |J.| and hence ©,(t) also
converges uniformly to zero on this interval. However, if ¢ satisfies k|J,| <t <
(k + 1)} J,| for some g,—1 < k < ¢n, then

u ] p(ln_1 ol ;
On(t) < D IF (In- WA + Y 1 I = guer w(In)
=0 n i=0
1 1 & t
<l <k+1>.z=:Df =) = G )

qn 1

ll‘ 1 /I n—
( q 1

=0

+

and by a similar argument to the one used above we conclude that ©,(t) also
converges uniformly to zero in this case. ]

Proof of Theorem IV: Let L,(t) be the function introduced in (4). We note
that An(t) = Ln(tu(Jn)/|Jnl). Since the density g(z) of p is a continuous
function, we know that the ratio u(J,)/|J,| converges to g(z). Consequently, if
Ly, (t) converges to some F,(t), then Ay, (t) converges to F,(g(z)t). Therefore
Theorem IV follows from Lemma 10 and Theorem I. ||
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Proof of Theorem V: Let k > 1 be fixed and consider the difference

o) (1) - F (£ H(n )t)’

Lalt) = BA

This Theorem will follow from Theorem II if we show that ¥, (¢) converges uni-
formly to zero. It suffices to consider q,_1 [Jn] <t < ¢ |Jr]|, since ¥,, vanishes

outside this interval. Comparing the last two summands in (2) and (3) we have

gn—1

' Z M (Inoy NT*1,)) = gu p(Tn_y N T*I,)

_ L 152 )y il 0T

= anuln u(Jn)/,n AT+, O E br= (7n)

_ ——1_ . . - l-l(In——l ﬁT‘kIn)
= 4 1) 25 /ITI (9(z) + ma(z)) d es)

IA

g |1Mmllco A(Tn-1 NT™* L) < g [ nma| 1Mallco »

where 7,(z) = (1/qn) Zq"—l Dfi(x) — g(x). Since g, |I,_1} is a bounded se-
quence and || ][0 converges to zero, the above difference also converges to zero.
The same argument implies that the difference between the first summands of
(2) and (3) converges to zero. This completes the proof of the Theorem. 1
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